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2P ■ Abstract 

We study different aspects of the construction of D=4, A^=l type IIB orien- 
tifolds based on toroidal Zn and Zm x Zn, D=A orbifolds. We find that tadpole 
' cancellation conditions are in general more constraining than in six dimensions 

and that the standard Gimon-Polchinski orientifold projection leads to the im- 
possibility of tadpole cancellations in a number of Z^r orientifolds with even 
including Z4, Zg, Z'^ and Z^g. We construct D=4, Zjq and Z^ x Z^ orientifolds 
with different configurations of 9-branes, 5-branes and 7-branes, most of them 
chiral. Models including the analogue of discrete torsion are constructed and 
shown to have features previously conjectured on the basis of F-theory com- 
pactified on four-folds. Different properties of the D=4, A^=l models obtained 
are discussed including their possible heterotic duals and effective low-energy 
action. These models have in general more than one anomalous U{1) and 
the anomalies are cancelled by a D=4 generalized Green-Schwarz mechanism 
involving dilaton and moduli fields. 
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1 Introduction 



Although all D=10, N=l superstring theories are thought to be equally consistent, 
only the space of classical D=A, N=l vacua of the Eg x Eg heterotic string has been 
studied in some detail. On the contrary, perturbative D=4, N=l vacua of type I have 
remained very much unexplored because of different reasons. Compactification of type 
I theory on a Calabi-Yau threefold with standard embedding in the gauge degrees of 
freedom gives rise to consistent (order by order in a') D=4, N=l classical vacua but 
the gauge group SO{26) x f/(l) is non-chiral. The construction of fully-fledged four- 
dimensional type I strings is relatively recent. Type I strings can be understood as an 
orbifold (orientifold) of type IIB closed strings with respect to the world-sheet parity 
operation 0. Type IIB A^=l, D=6 orientifolds have been constructed in the last 
few years in refs. p, ||, ^ ||, 0, ||, ^ [Tl]]. A crucial ingredient in this construction is 
the existence of Dp-branes fl^ on which open type I strings must end. Their presence 
from this perspective is enforced upon us by the tadpole cancellation conditions which 
guarantee the cancellation of gauge and gravitational anomalies. Type I vacua are 
not only worth constructing by themselves but also because they are supposed to be 
S-dual to strongly coupled 50 (32) heterotic vacua and hence there is a hope to get 
information about non-perturbative heterotic physics. 

Our knowledge of the structure of D=4, N=l type IIB orientifolds is much less 



complete, although some examples have been constructed [|13|, [IJ, [T^, |T8[ and 

general conditions for tadpole cancellation in Zn x Zm type IIB orientifolds have been 
recently presented [^, |2^. In this paper we undertake a systematic study of D=4, 
A^=l type IIB orientifolds and extend previous work in several different directions. 
We present a detailed study of tadpole cancellation conditions for general D=4, Z^ 
orientifolds and find the surprising result that the usual Gimon-Polchinski orientifold 
projection [Q leads to the impossibility of tadpole cancellation for most of the even 
order Zj\f, D=4 orientifolds. In particular this is the case for the Z4, Zg, Z'^ and Z[2 
orientifolds. This is to be contrasted with the D=Q case in which all Zn actions have 
a Chan-Paton realization compatible with tadpole cancellation p, |^ . 

We explicitly construct the massless spectrum of all 0=4 consistent orientifolds 
with at most one set of 5-branes sitting at the fixed point at the origin. We find 
particularly useful a Cartan-Weyl realization of the unitary matrices 79,^ which induce 
the orbifold action on the Dp-brane degrees of freedom. In this formulation the massless 
spectra is found in a straightforward manner reminiscent of the computation of massless 
spectra in heterotic orbifolds. Another feature shown (which also occurs in D=Q) is 
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that tadpole cancellation conditions vary depending on what particular fixed points do 
host 5-branes. We also discuss the effect of the addition of (quantized) Wilson lines 
on the 9-brane sector and the T-dual of this which is the distribution of 5-branes on 
deferent fixed points. T-duality also maps continuous Wilson lines to the emission of 
sets of 5-branes from the fixed points to the bulk of the orbifold. 

In refs. ^, ^, ^ it was shown that in even order D=6 orientifolds there are 



alternative ways to project the closed string sector with respect to the world-sheet 
parity Q. This is an equivalent of the discrete torsion degree of freedom already found 
in heterotic orbifolds We construct the first D=4, A^=l orientifolds with these 

characteristics. This class of models is interesting since their existence was conjectured 



on the basis of F-theory compactified on four-folds ||2J . 

We also examine the construction of candidate heterotic duals for type JIB A^=l 
orientifolds. The Cartan-Weyl basis for the gauge embedding of the twists on D-branes 
mentioned above is specially useful in identifying the candidate heterotic duals. We 
argue that the heterotic duals of the class of type JIB orientifolds discussed in this 
paper are in general non-perturbative heterotic orbifolds. These are orbifolds of the 
class introduced in ref. in which the embedding of the twist in the Spin{32)/Z2 



lattice violates the standard modular invariance constraints of perturbative orbifolds. 
The gauge interactions and charged chiral fields from the type I (99) sector are mapped 
into the untwisted sector of the heterotic orbifold. The (55) and (95) sectors map into 
non-perturbative degrees of freedom associated to small instanton effects. We describe 
a few examples of candidate heterotic duals. 

We finally study some aspects of the effective low-energy Lagrangian of JIB orien- 
tifolds, focusing on those with both 9-branes and one sector of 5-branes. A truncation 
to four dimensions of the D=10 Lagrangian and symmetry arguments allow us to 
obtain some generic qualitative information on the form of the Kahler potential, su- 
perpotential and gauge kinetic functions. Among the generic features is the presence 
of several anomalous f/(l)'s whose anomalies are cancelled by a generalized Green- 
Schwarz mechanism in which both dilaton and moduli fields are involved. This is to be 
contrasted to perturbative heterotic vacua which have at most one anomalous U{1). 

2 L> = 4, = 1, Type IIB Orientifolds 

In this chapter we summarize the basic ingredients ^ ^ and notation needed in the 
construction of orientifolds and generalize them to the D=4 case. 
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An orientifold is a generalization of an orbifold in which a toroidally compacti- 
fied theory is divided out by an internal discrete symmetry Gi such as Z^. In type 
IIB string theory there is symmetry operation Q that exchanges left and right world 
sheet movers. Gauging away this symmetry produces the orientifold and leads to the 
emergence of non-oriented surfaces spanned by string propagation. Generically, the Q 
parity transformation can be accompanied by other internal or space time symmetry 
operations. Examples of this are considered in section 4. The complete orientifold 
group can thus be written as Gi + QG2 with QhQh' G Gi for h, h' E G2 

In most of this article we will be mainly concerned with Gi = G2 and Gi = Zn or 
Gi = Zn X Zm actions on in type IIB string theory (in section 4 we will consider 
cases with G2 7^ Gi) . The Zn orbifold action is realized by powers of the twist generator 
6 [6^ = 1) which can be written in the form 

9 = exp(2z7r(t;i J45 + V2J67 + VsJsg)) (2.1) 

where Jmn are 5*0 (6) Cartan generators. In terms of the complex bosonic coordinates 
yi = X4 + iX^, Y2 = Xq + iX-j and Y3 = Xs + iXg that parametrize the torus, 9 acts 
diagonally as 

Qky. = g2i7rto,y. (2.2) 

Similarly, we define complex fermionic fields as ip^ = + etc.. It is convenient 

to define a twist vector v = {vi,V2,V3) associated to 9. N=l supersymmetry requires 

±vi ± f 2 ± = for some choice of signs [26]. Zn x Zm actions are described in 

a similar way ||2^. In this case we have 9 and u generators whose associated twist 

vectors are vg = -^(1, —1, 0) and = j^{0, 1, —1). In what follows we focus on Z^. 

To derive the massless spectra of orientifolds we will work in light-cone gauge. For 

example, in the closed untwisted sector the NS massless states are i''^i\0) which is 

2 

invariant under 9, and 4'^_i\0) which transforms as 



^'^^^^lO) =e2^"'='''^ii|0) (2.3) 



Complex conjugates transform with a phase e The untwisted massless 

2 

Ramond states are of the form IS0S1S2S3) with sq, Si = ±| and odd number of minus 
signs to implement the GSO projection. These states transform as 

^1soSiS2S3)=e2-'=^-1soSiS2S3) (2.4) 

The condition ±vi ± f 2 it f 3 = ensures that there is a gravitino in both the NS-R 
and R-NS type IIB untwisted sectors. Projecting under Q then leads to X=l, D=4 
supersjTiimetry. 
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Although type IIB is a theory of closed strings, the orientifold projection requires 
both closed and open string sectors for consistency. The presence of the closed sector is 
clear. Its content is obtained by retaining only those states which are invariant under 
the orientifold group action and by including twisted sectors. Details and examples are 
discussed in the next section. 

The need for open string sectors can be justified in different ways. An operative 
way of identifying them is to compute the partition function (or generically, scattering 
amplitudes) in the closed sector Klein bottle unoriented surface. Tadpole divergences 
are found. To cancel these tadpoles and render the theory consistent, new contributions 



must be included Introducing open strings leads to the required cancellation for 
a specific structure of Chan-Paton charges. Recall also that open strings are expected 
since when type IIB string coordinates ends are identified up to the action of fl, namely, 
QX{a) = X{a), the mode expansion of an open string is obtained. 

The modern version of the above picture relies on the identification of the tadpoles 
as non-cancelled charges. Orientifold fixed planes are sources for {p + l)-forms orig- 
inated in the Ramond-Ramond (R-R) sector. Charge cancellation can be generically 
achieved by including the right number of Dp-branes, carrying opposite charge with 
respect to these forms [jr2|. Open strings have one end, labeled by a, on a Dp-brane 
and the other end, labeled by b, on a Dg-brane . They give rise to pq string sectors. 
The a, b labels correspond to the Chan-Paton factors at each end of the string. We will 
construct models with D9, D5 and D7-branes. 

In some cases no tadpoles are present in the Klein bottle amplitude and therefore 
there is no need for open string sectors. As we explain in section |2.3| and the appendix, 
there are on the other hand cases cases where even the inclusion of open string sectors 
is not enough to achieve tadpole cancellation and the orientifolds are thus inconsistent. 



2.1 Closed string sector 

The spectrum in the closed sector of the orientifold is obtained from those type IIB orb- 
ifold states invariant under Q parity transformations. Orbifold states are constructed 
by coupling left and right moving states of equal chirality, invariant under the orbifold 
group action. 

The massless left NS states correspond to ip'^i\0) vectors and to matter scalars 

2 

^±*^|0) {ij = 1,2,3). Vectors are invariant under the orbifold twist 6 action (p. 11) 

2 

while scalars acquire a phase e^^'^**'\ Right movers are obtained by replacing ip ^ ip. 
By coupling left and right helicity ±1 (under Lorentz little group S0{2)) vectors. 
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the graviton, an axion (remnant of the D=10 NS-NS antisymmetric tensor) and a 
dilaton are found. Since parity projection keeps only symmetric combinations, only 
graviton (±2) and dilaton multiplets are present in the orientifold. 

The number of matter states depends on the type of twist (fi,f2,t'3) under con- 
sideration. 6 invariance requires ±f j =F vj = integer. We may rephrase this condition 
as 

(r — f) ■ w = integer (2-5) 

where r,f = (0, ±1,0,0) are 50(8) vector weights corresponding to the bosonized 
world-sheet fermions. As an example consider v = 1, —2). In this case, there are 
ten massless scalars, 

^5|0)L®V^5|0)iJ (2.6) 

2 2 

coming from i = j = 1,2,3, i = 1, j = 2 and i = 2, j = 1. This completes the NS-NS 
sector of type JIB Zq orbifold for instance while eight extra states {i = 1, 2;j = 3) are 
present for Z3 case. They combine into five and nine Q invariant states respectively. 

Massless Ramond left states, IS0S1S2S3) (sq, Si = ±|) carrying ±i helicity, transform 
as indicated in ( |2.4| ). Right Ramond states transform similarly. When both sector are 
coupled, twelve (twenty) massless scalars survive the orbifold projection in the Zq (Z3) 
example above. Antisymmetric combinations lead thus to six (ten) Q invariant states. 
The twist invariant state with si = S2 = S3 (and similarly for Si) (which is left from 
D=10 R-R antisymmetric tensor) will combine with the NS-NS dilaton into a dilaton 
chiral multiplet S. The residual states combine into five (nine) chiral massless states. 

Construction of the R-NS sector proceeds in the same manner. Supersymmetric 
partners of the above NS-NS and R-R bosons are found. States invariant under Q are 
obtained by taking the symmetrized combinations R-NS + NS-R. 

We have explicitly shown how to build up states in the untwisted sector. The 
full one-loop torus amplitude can also be easily constructed. For type JIB, we just 
couple the right movers sector (given for instance in |2^) with an identical (conjugate) 
expression for left movers. In general, the trace over states can be written as 

Z = - Y: Zr{e\e') (2.7) 

The sum over n is over twisted sectors whereas the sum over k implements the orbifold 
projection. The first terms in a g, g expansion, (g = e~^'^*) read 

r 

^ ]^^-2i-K{f+nv)kv-\(f+nvf-\-Eo^^ _^ j^2.8) 
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where Eq = J2i ^n\vi\{l — n\vi\). Here r and f are S0{8) weights and I]?=o^j — 
implements the GSO projection (similarly for f). takes into account the 

fixed point degeneracy ||2^. In many cases x{d"',d^) is just the number of points left 
simultaneously fixed by 9^ and 9^ , also 6''^) = 1. 

From eq. ( p.8|) it follows that massless states in the ^"-twisted sector are given by 
r, f such that 

+ nvf - 1 + = l(f + nvf - 1 + = (2.9) 

In the NS-NS sector both r and f are vector weights, whereas in the R-R sector they 
are spinorial weights. In NS-R and R-NS we suitably combine weights of both types. 
From eq. ( |2.8| ) we can read the multiplicity D{n) of massless states in the 9^ twisted 
sector, namely 

D{n) = ^ E 0kyiAr-f)-kv ^2.10) 

^ k=0 

For n = we recover eq. ( p.5|) above. 

Only symmetric (antisymmetric) combinations are to be kept in the NS-NS (R-R) 
sectors in the orientifold. Thus, (|2.10| ) gives the number of chiral massless states in 
the type IIB orientifold. Including all twisted sectors gives the multiplicities shown in 
Table |l|. We have included in the table only the Zn, Zn x Zm orientifolds which are 
free of tadpoles and have at most one sector of 5-branes (see below). 

The generalization to Zn x Zm orbifolds is straightforward. Denote by {9, u) 
the corresponding twists with eigenvalues {ve,Vi^). Then, the contribution in a 9"'uj"^ 
twisted sector is obtained from the above just by replacing kv — ^ kve + Iv^. Recalling 
that a discrete torsion phase e is now allowed |2^, the degeneracy factor reads, 

1 N-l M-1 

D{n,m) = J2 ^ e("'^-"')x(^"^", ^''^Oe^*^^''"^^'^'''"'^'''''^ (2-11) 

k=0 1=0 



2.2 Open string sector 

Let us now move to the open string sector. The type of D-branes present in this 
sector depends on the content of the orientifold group. This is expected since there are 
orientifold planes charged under R-R fields twisted by the orbifold action When 
the identity is in G2, the orientifold group contains Q as an element and there will be 
D9-branes. Following ref. we refer to these as type A orientifolds. Contrariwise, 
type B orientifolds are those in which D9-branes are not needed. 

D5-branes are present whenever the orientifold group contains an action of the type 
flRi, where Ri is an order two element acting on the two complex directions transverse 
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Twist Group 


Untwisted moduli 


Twisted moduli 




9 


27 


Z3 X Z3 


3 


81 




3 


21 


^6 


5 


29 




4 


42 




3 


71 


Z12 


3 


25 



Table 1: Number of chiral multiplets in closed string sectors for some and Zn x Zm-, 
D=4, N=l type JIB orientifolds. A dilaton multiplet must be added in the untwisted 
sector. 

to Yi. The corresponding Sj-branes live in D=4: space-time plus the complex torus 
with coordinate Y^. For instance the Zq orientifold with v = |(1, 1, —2) has Ss-branes 
whereas Z2 x Z2 has sets of 5i, 82 and Ss-branes [|^. It follows that Z^, Zj and Z3 x Z3 
orientifolds do not contain D5-branes. 

From T-duality arguments D7-branes are expected whenever Q acts jointly with a 
reflection TZi on one complex plane and (—1)^^ that changes sign of all Ramond left 
states H, 1^ . We postpone the treatment of this case to section 4. 

Open string states are denoted by |\E',a6), where refers to world-sheet degrees 
of freedom while the a, b Chan-Paton indices are associated to the string endpoints 
on Dp-branes and Dg-branes. These Chan-Paton labels must be contracted with a 
hermitian matrix Xab- The action of a group element g E Gi is given by 

g : \^,ab) -> {-fg,p)aa'\g.'^,a'b'){-fg,,),>l (2.12) 

where 'jg^p and 'jg^g are unitary matrices associated to g. The action of Qh, h E G2, is 
instead given by 

Qh : \^,ab) {lnh,p)aa'\h.'^,b'a){-fnh,g)b'l (2-13) 
Consistently with group multiplication, ■jng,p can be defined as 

lng,p = lg,pln,p (2.14) 

The matrices •jn^p and hence 7ng,p are unitary. 

Consistency with the orientifold group multiplication law implies several constraints 
on the 7 matrices since they must provide a representation of the group up to a phase 
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0]. For example, consider the Gi = G2 = Z^q case. To a twist 6''^ there corresponds 
7gfc p = 7fcp and 7ne'=,p = 7nfc,p- It can be shown that necessarily 7o,p = 10]. Also, 
without loss of generality we can choose 

lk,p = li, (2.15) 

Since = 1, eq. (Km leads to 



7fp = ±1 (2.16) 



Similarly, from = 1 it follows that 



7n,p = ±7Q,p (2.17) 

Or in general, from {VtO^Y = 0"^^^ 

lnk,p = ±l2k,pJnk,p (2.18) 
Now, using eqs. (|2.14| ), (|2.15|) , ( |2.18|) and the unitarity of the 7 matrices we obtain 



7fc,p = ±7n,p7fc,p7n,p (2.19) 

When there are different types of branes it is also necessary to consider the action of 
{QO'^y on pq states. In chapter 3 we will mostly consider the same action of Q analyzed 
by Gimon and Polchinski (GP) @. The GP action is such that = (ii)^^^^)/^ 
9p states. In particular, Q"^ = —1 on 95 states, implying that in eqs. ( |2.18| ) and ( |2.19|) 
there are opposite signs for 9 and 5-branes. 

Cancellation of tadpoles imposes further conditions on the 7 matrices. For instance 
it requires 7^9 = 70,9. Hence, for 9-branes we must take the plus sign in eqs. ( p.l8|) 



and ( 2.19 ). Since we can choose 7n^9 real we then have the condition 

7fe,9 = 7n,9 7fc,97n,9 (2.20) 

Now, for 5-branes the GP action implies 7^5 = —7^,5. Hence, for 5-branes we must 
take the minus sign in eqs. ( p.l8| ) and ( p. 19]) . Since we can choose 7^,5 pure imaginary 



we then have the condition 

7fc,5 = 7n,5 7fc,57o,5 (2.21) 

The ■jk,p matrices are determined from cancellation of 'twisted' tadpoles as discussed 
in next section. It turns out that they can always be chosen diagonal. 

The open string spectrum can be computed once the 7 matrices are found. Ac- 
cording to the string endpoints there are various pq sectors and moreover, Dp-branes 
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with p < 9 can sit at different fixed or non-fixed points. Here we will concentrate on 
models containing 9 and 5-branes, with all the latter located on the particular fixed 
point corresponding to the origin in the compact (transverse) space. This is an impor- 
tant case since in this configuration one gets maximal gauge symmetry. Furthermore, 
verification of tadpole cancellation is much simpler. Different distributions of 5-branes 
on the various fixed points have to be analyzed case by case since tadpole cancellation 
conditions might imply that there must always be a number of residual 5-branes sitting 
at the origin which cannot move to other fixed points. We will discuss this in some 
specific examples below. 

We now describe the massless bosonic states in each pq sector. For the sake of 
clarity we restrict here to the orientifold group generated by {G, Q} with G — Zpf. 
Generalization to G = Zjv x Zm is straightforward. Extra operations accompanying 
the action of Q are considered in specific examples. 

99-States 

The massless NS states include gauge bosons il^'^i\0,ab) and matter scalars 

2 

■0^ 1 10, ab) \^^. The Chan-Paton matrices must be such that the full states are invariant 

2 

under the action of the orientifold group. Hence, 

Xii) ^ e^-^^7i,9A«7i:9 ; A« = -7n,9A«V9 (2-22) 

55-States 

Massless NS states also include gauge bosons "^A^ |0, a&) A|j°-* and matter scalars 

2 

■0^1 1 0, ab) X^^l- For 5j-branes at fixed points the Chan-Paton matrices must satisfy 

2 

Xii) ^ e2-^'7i,5A«7i";5 ; A« = -7^,5A»^7n,5 (2-23) 

But for j ^ i 

XU) ^ e'^^v,^^^^x'~J^-l . x^J) = 7^,5A(^)^^,^5 (2.24) 

The sign change in the Q projection is due to the DD boundary conditions on the j i 
directions transverse to the 5j-branes. 

5i 9-States 
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For 5j-branes, coordinates orthogonal to Yi obey mixed DN boundary conditions 
and have expansions with half-integer modded creation operators. By world-sheet 
supersymmetry their fermionic partners in the NS sector are integer modded. Their 
zero modes span a representation of a Clifford algebra and can be labelled as \sj, Sk), 
j,k 7^ i, with Sj,Sk — ±|- The GSO projection further imposes Sj — s^. Under 9, 
\sj,Sk) picks up a phase Q'^M'VjSj+vkSk)^ Hence, the orientifold projection on a state 
\sj,Sk, ab)Xab implies 

A = e2^*(^^-^^+^'="'=)7i,5A7i-9^ (2.25) 

Notice that here the index a (b) lies on a 5-brane (9- brane). Q relates 59 with 95 
sectors and does not impose extra constraints on A. 

Interestingly enough, if the A matrices are recast in a Cartan-Weyl basis, constraints 
on Chan Paton matrices emerge as restrictions on weight vectors. In this way com- 
puting the spectrum becomes greatly simplified. Formally it appears equivalent to the 
computation of the untwisted spectrum of heterotic orbifolds. 

For the sake of clarity let us first discuss how this is achieved in the 99 sector. 
We know that projecting under Q parity, represented by a symmetric 'yn,9 matrix in 
the 99 sector, gives the equation A = ~'ln,9^'^'ln\- The original 32 x 32 unrestricted 
Chan-Paton (Hermitian) matrices are therefore constrained to be 5*0(32) generators. 
They can be organized into charged generators A^ — Ea, a — 1, • • • ,480, and Cartan 
generators Xi — Hi, I — 1, ■■■ ,16, such that 

[Hi,E,]^p1E, (2.26) 

where the 16 dimensional vector with components is the root associated to the gener- 
ator Ea- These vectors are of the form (±1, ±1, 0, ■ ■ ■ , 0), where underlining indicates 
that all possible permutations must be considered. The matrix 71^9 and its powers 
represent the action of the Zj^ group on Chan Paton factors, and they correspond to 
elements of a discrete subgroup of the Abelian group spanned by the Cartan generators. 
Hence, we can write 

71,9 = e-^^^^-^ (2.27) 

This equation defines the 16-dimensional 'shift' vector V(99) = V. In section 2 we have 
seen that 71,9 can be chosen diagonal and furthermore ^yi^g = ±1. Then, for example, 
when 7''^ = — 1 we will have a general structure 

V^^{l,---,l,3,---,3,5,---,5,---) (2.28) 

The number of entries is determined by tadpole cancellation. Cartan generators 
are represented by 2 x 2 (73 submatrices. Explicit examples are given in section 3. 
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Recalling the formula 

oo 

e-W = 5:[Ai?]n (2.29) 

n=0 

with [A, B]n+i = [[A, B]n, B], [A, B]q = A, and using eq. (|2.26|) , it is easy to show that 

71,9^,71-9! = e-2-^"^E, (2.30) 

Therefore we see from equation ( p.22| ) that gauge bosons correspond to both, Cartan 
generators which trivially satisfy the A^°^ constraint, plus charged generators belonging 
to a subset of S'0(32) root vectors selected by 

p« . V(99) = mod Z (2.31) 

Similarly, from the equation for A*^*-* in ( |2.22|) it follows that matter states correspond 
to charged generators with 

. 1/(99) = t;. mod Z (2.32) 

Other open string sectors can be treated in a similar way. For 5-branes on the 
bulk only Q parity constraints are present in eq. ( |2.24]) . Since 7^,5 is antisymmetric 
in this sector, symplectic group generators are obtained. Furthermore, each dynamical 
5-brane contains 2N D5-branes and the rank of the group is reduced. The generators 
are associated to the same 5*0 root vectors given before plus long roots (±2, 0, ■ ■ ■ , 0). 
For branes at fixed points we must impose the rest of the constraints in eq. ( p.24| ) with 
7i,5 written in terms of an equivalent shift V(55) as in ( p.27|) . There is then a projection 
like ( |2.31| ). Moreover, since the equivalent shifts can be shown to be always of the 
form (|2.28|) , whenever 5-branes are at fixed points, long roots are projected out. If all 
5-branes sit at the same fixed point we can take V(55) = V(99) and therefore, exactly 
the same spectrum as in the 99 sector arises, now corresponding to multiplets of the 
50 (32) (55) unitary subgroups of the 5-brane theory. 

The 59 sector is handled using an auxiliary 5*0(64) D 5*0 (32) (99) (g) 5*0 (32) (55) 
algebra. Since we have generators acting simultaneously on both 9-branes and 5-branes 
only roots of the form 

W^(95) = W^(9) ® W^(5) = ( ±l,0,---,0 ; ±l,0,---,0 ) (2.33) 

must be considered. Here the first (second) 16 components transform under 5*0 (32) (99) 
(SO (32) (55)). The shift in this sector is defined to be V95 = V(99) ® V(55). Using ( p.25| ) 
we learn that massless states correspond to ^^(95) roots satisfying 

W^(95) ■ V(95) = {sjVj + SkVk) mod Z (2.34) 

with Sj = Sjfc = ±|, plus (minus) sign corresponding to particles (antiparticles). 
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2.3 Tadpole cancellation 



In the orientifold theory the one-loop vacuum amphtudes include the torus, the Klein 
bottle (/C), the Mobius strip (tVI) and the cylinder (C). The last three have tadpole 
divergences from exchange of massless states in the closed string channels. By super- 
symmetry the total divergences vanish but consistency requires separate cancellation 
of NS-NS and R-R tadpoles . In refs. Q it was shown how to extract these 

tadpoles from the amplitudes in a orientifold in D=6. These results have been 
extended in both D=6,4 ^ |l^ |19|, |2^. However, the general Zj^, D=A orientifold 
tadpole cancellation conditions have not been explicitly presented in those references. 
In the appendix we give the general form of the amplitudes for T^/ {Zn, VL} orientifolds 
in D=4 and comment briefly on extracting the tadpoles. In this section we just describe 
and apply the main results. 

The Zn actions that can act crystallographically on a lattice and lead to A^=l 



supersymmetry were classified long time ago The list, with corresponding twist 

vectors, is given in table 0. Clearly, for even A^, all the Zj^ have only one order two 
element R = 6^/"^ that reflects Yi and ¥2- The corresponding orientifolds will then 
have 53-branes. 



^3 


\ 




-2) 


Z', 


\ 




-3,2) 


Z', 


K 


1, 


-3,2) 




\ 




-2) 


Zi 


\ 


:i, 


2,-3) 


Z\2 


1 

12 


(1, 


-5,4) 




1 




-2) 


Zs 


1 


:i, 


3,-4) 


Z'vi 


1 

12 


(1, 


5,-6) 



Table 2: Zjv actions in Z}=4. 



The various tadpoles can be classified according to their volume dependence. We 
denote by V^, i = 1, 2, 3, the volumes of the internal tori and by V4 the regulated space- 
time volume. Also, as explained in the appendix, the /C amplitude has contributions 
of type lCi{6^) from untwisted closed strings, and, for even, 1Cr{6^) from /2-twisted 
closed strings. The M. amplitude receives contributions M.p{9^) from open strings with 
both ends on Dp-branes. The C amplitude has pieces Cpq{6^) from open strings with 
ends on Dp and Dg-branes. 

In the fC amplitude, /Ci(l) has tadpoles proportional to ViViV2V'i that can be can- 
celled by introducing rig 9-branes. Taking into account the J^gil) and C^'^il) diver- 
gences also proportional to V4V1V2V3, there is factorization and cancellation of tadpoles 
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provided that 

7n,9 = 7q,9 (2.35) 

and ng = 32. Recall that, as explained in section |2.2| , this condition implies eq. ( ^■2(J| ). 
If we assume the GP action of Q we also obtain the eq. ( p. 211) . 

For odd the remaining divergences are all proportional to V4 and factorize since 
we can always choose 

Tr(7i9 7n„9) = Tr72M (2.36) 

Cancellation of twisted tadpoles then implies 

3 

Tr72fc,9 = 32 cosvrfcfj (2.37) 
i=i 

Also, we are free to choose •y^g = 1 or 7fg = — 1. 

For even, K,i{R) has tadpoles proportional to V4V3/V1V2 that can be cancelled by 
introducing 53-branes. Taking into account the M.^{R) and C55(l) divergences also 
proportional to V4V3/V1V2 there is factorization and cancellation of tadpoles provided 
that 

7^,5 = 7nR,5 (2.38) 

and ns = 32. If we assume the GP action of Vt we then have 7Q^g = ~1q.r,9- In this 
case, using eqs. ( p.l4|) and ( p.20|) , we immediately find 7|;9 = —1. Since R = O^^"^ this 
then implies the condition 7f^g = — 1. Similarly, '-yf^ = — 1. 

For A^ even the type of other twisted tadpoles depends on the specific form of v. 
In all cases there are tadpoles proportional to V4V3 that arise from divergences in the 
amplitudes C99(-R), C^^^R) and C^i^^R). These divergences factorize into a square and 
give the condition 

Tr7H,g + 4Tr 7^,5,7 = (2.39) 

where J = 0, ■ ■ ■ 15, refers to the fixed points of i? = 6*^/^. 

Other tadpoles are most easily described case by case. In particular, in Z4, Zg, 
and Z'12 we find that the Klein bottle amplitude has divergences proportional to V4/V3 
that cannot be cancelled against any of the Mobius strip or cylinder contributions. 
Indeed, for instance in Z4, if one tries to use 7fc^p matrices satisfying eq. ( |2.39| ) together 
with Tr7fc g + 2Tr7jt 5 = from cancellation of tadpoles proportional to V4, one finds 
a massless spectrum that is not free of gauge anomalies. This is a signal that there 
are left-over tadpoles. This is a surprising result, since in D=Q one finds consistent 
solutions, fully cancelling tadpoles, for all allowed Z^q. Notice that in D=Q these V4/V3 
tadpoles would be absent because V3 — 00. 
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For there are also tadpoles proportional to V4 that imply the conditions 



Tr7fc,9 + Tr7fc,5,o = ; /c = l,5 

Tr72,9 + 3Tr 72,5,0 = 16 

Tr72,9 + 3Tr72,5,j = 4 

Tr74,9 + 3Tr 74,5,0 = -16 

Tr74,9 + 3Tr74,5,j = -4 (2.40) 

where J = 1, ■ ■ ■ 8, refers to the remaining fixed points of 9"^ in the (Yi, Y2) planes. In 
deriving these conditions we have used eqs. ( p. 361) and also 



Tr(7i5 7n,,5) = -Tr72.,5 (2.41) 

The minus sign in the right hand side is due to the GP action of Vt. Notice that as 
explained previously, 7^9 = —1 and 7^5 = —1. 

In Zg the cylinder amplitudes for 6, 6^ have tadpoles proportional to V4. Cancella- 
tion gives the conditions 

Tr7,,9-2Tr7,,5,L = ; A; = 1,5 (2.42) 

where L = 0, ■■■,3, refers to the fixed points of 6 in the first two tori. In C99(^'^), 
A4q{9'') and ICiiO^), k = 2,4, there are tadpoles proportional to V4V2. Using eq. ( p.36| ) 
we find factorization leading to 

Tr72,9 = -8 ; Tr74,9 = 8 (2.43) 

Finally, in C55(^'''), k = 2,4, M^{6^) and ICi{6^), k = 1,5, there are tadpoles propor- 
tional to V4/V2. Using eq. ( p.41| ) we obtain 



E(Tr^72,5,Af)' + 16 5]Tr (72,5,L = -64 

M L 

E(Tr^?4,5,Af)' - 16ETr^4,5,L = -64 (2.44) 

M L 

where M = 0, 1, 2, refers to the fixed sets of 6'^ in the first two tori. Notice that when 
all 5-branes sit at the origin (|2.44|) gives Tr72,5 = —8 and Tr74,5 = 8. can also be 
treated as Z2 x Z3 with twist vectors (|,— 1,0) and (— 1,0,|). Applying the general 
results of Zwart for Z^r x Zm we obtain tadpole cancellation conditions in complete 
agreement with the above. 
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In Zyi there are extra tadpoles proportional to V4V3 since and 6'^ do not rotate 
the third direction. Cancellation of these gives the conditions 



Tr7fc,9 + 2Tr7fc,5,L = ; fc = 3,9 (2.45) 

where L refers to the fixed points of 6''^ in the first and second complex coordinates. 
All other tadpoles are proportional to V4 and imply the constraints 

Tr7fc,9 - Tr7fc,5,o = ; = 1, 2, 5, 7, 10, 11 
Tr74,9 + 3Tr 74,5,0 = 16 
Tr74,9 + 3Tr74,5,j = 4 
Tr78,9 + 3Tr 78,5,0 = -16 

Tr78,9 + 3Tr78,5,j = -4 (2.46) 
where J = 1, ■ ■ ■ 8, refers to the remaining fixed points of in the (Yi, Y2) planes. 

3 and x Zm models with GP action 

In this section we study type IIB orientifolds based on j [Vt, G\ where G denotes 
generators of a discrete group or x Zm-, as discussed in the previous chapter, 
leading to an unbroken A^=l supersymmetry in four dimensions. Since is one of the 
generators of the orientifold, there are 9-branes in all of these models. In addition, 
they contain as many independent sets of 5-branes as different order two generators 
G has. Thus there will be models with zero, one or three different sets of 5-branes. 
Models in which G contains a Z2 x Z2 subsector will have in general three different 
sets of 5-branes. The simplest Z^ x Z2 case was studied in and has a non-chiral 
spectra, a property shared by this subclass of models. 

According to eq. (|2.20|) , in all models 7^,9 is determined by requiring that it be a real 
symmetric matrix that exchanges the eigenvalues of 7fc,9 with their complex conjugates. 
In this chapter we will assume the GP action of so that eq. (|2.21|) also holds. Thus, 



7n,5 is determined by requiring that it be a pure imaginary antisymmetric matrix that 
exchanges the eigenvalues of 7^,5 with their complex conjugates. We have also seen 
that when G contains a reflection i?, the GP action requires 7^9 = —1- Similarly, 
7^5 = —1. In next chapter we will discuss some aspects of different actions. 

Odd order orientifolds are particularly simple. Cancellation of untwisted tadpoles 
requires 32 9-branes and there are no 5-branes since there is no order two generator 
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in G. The case was studied in refs. 0, ITHI while Z-j and Z^ x Z^ were studied in 



|ll6| , |T9|. We include them in our discussion for completeness. 

We concentrate here on even order orientifolds with a single sector of 5-branes. We 
will first treat models in which all 5-branes sit on the particular fixed point correspond- 
ing to the origin in the compact space. Other distributions of 5-branes are analyzed 
in section |3.8| . As explained in section |2.3| and the appendix, Z4, Zg, Z'^ and Z[2 ori- 
entifolds have tadpoles that cannot be cancelled by simply including 9 and 5-branes. 
The only other orientifolds with one set of 5-branes are based on the twists Zg, Z12 
and Z-i X Zq. 

We now consider each orientifold in more detail. 

3.1 Z, 



With the choice 7I = 1, cancellation of twisted tadpoles, as given in eq. (|2.37|) , requires 
Tr7e = —4. This fixes 70 uniquely: 

7e = diag (alia, I4, a^Ii2, 14) (3.1) 

with a = e^*'^/^. Here and in the following 1^ stands for the r x r identity matrix. The 
open string spectrum can be easily computed by using the auxiliary shift 

r= ^(1,1, 1,1, 1,1, 1,1, 1,1, 1,1, 0,0, 0,0) (3.2) 

We find a U{12) x 5*0(8) group and charged chiral fields as shown in Table |^. It is 
also possible to choose 7I = —1 leading to Tr7e = 4. However, the resulting 7e leads 
to the same group and spectrum. 

3.2 Z3 X Z3 

The orbifold group is generated by twists 6, uo whose action on the three complex 
coordinates are given by vq = (i, — 1,0) and v^j = (0, |, — |). Cancellation of twisted 



tadpoles requires 

Tr70 = Tr7^ = Tr7e^ = 8 
Tr7e^2 = -4 (3.3) 

Also, Tr7^ = 1. Hence, 

761 = diag (al4, a^l4, 14, 14, a^l4, al4, 14, 14) 

7aj = diag (I4, al4, a^l4, 14, 14, a^l4, al4, 14) (3.4) 
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Twist Group 


(99)/ (55) matter 


(95) matter 


Gauge Group 




3(12, 8) + 3(66,1) 


- 


C/(12) X SO{%) 


X 


(4, 1,1, 8^) + (4, 4, 1,1) + (6, 1,1,1) 




[/(4)3 X 50(8) 


Z7 


(4, 1,1, 8,) + (4, 4, 1,1) + (6, 1,1,1) 
+(4, 4, 1,1) + (1,4, 4,1) + (4, 1,4,1) 


- 


U{^f X 50(8) 


Zq 


2(15, 1,1) + 2(1,15,1) 
+2(6, 1,4) + 2(1, 6, 4) 
+ (6, 1,4) + (1,6, 4) + (6, 6,1) 


(6,1,1;6, 1,1) + (1,6, 1;1,6, 1) + 
(1,6, 1;1,1,4) + (1, 1,4; 1,6,1)+ 
(6,1,1;1,1,4) + (1,1,4;6,1,1) 


{U{6f X [/(4))2 




(4,1,8) + (1,4,8) + (M,1)+ 
f4 1 8) + fl 4 8) + (4 4 1) + fl 1 28) 

+ (1.1. 28) + (4. 4.1) + (4. 4.1) 


(4, 1,1;4, 1,1) + (1,4,1; 1,4,1)+ 
fl 4 1- 1 1 8) + fl 1 8- 1 4 1)+ 

(4. 1. 1: 1. 1.8) + (1. 1.8:4. 1. 1) 


(r^(4)2 X r/(8))- 




(2, 2, 15) + (12,2,2,13) + (14,2,2,1)+ 
(I4,2,l,4) + (l5,2,4) + (l,2,l2,2,l2) 

+(l3, 2, 1, 2, 1) + (2, l^ 4) + (2, 1*, 2, 1) 
+ (12,2,13,4) + (1,2,14,4) + 
(I2,2,l,2,l2) + (l3,2,l2,4) + 4(l^) 


(2, 16; 1,2, 15) + (12, 2, 14; 13, 2, 13) + 

(14, 2, 12; 15, 2,1) + (1^,2,1; 16,4) 

+ (14,2,12;16,4) 

+ same with groups reversed 


(C/(2)6 X C/(4))2 


■^12 


(3, 1,3, 1,1,1) + (3, 1,1, 1,2,1)+ 
2(1, 3, 1,1, 2,1) + 2(3, 1,1, 1,1, 2)+ 
2(1, 1,1, 3, 2,1) + 2(1, 1,3, 1,1, 2)+ 
(3,1,1,1,1,1) 


(3, 15; 1,3, 14) + (1,3, 14; 15, 2) + 
(3, 15; l4^ 2.1) + (12, 3, 13; 14, 2,1) + 
(12,3,13;13,3,12) + (13,3,12;15,2) 

+ same with groups reversed 


(f/(3)4 X C/(2)2)2 



Table 3: Gauge group and charged chiral multiplets in some Zjv and Zjv x Zm, D—A, 
N—1 type IIB orientifolds with GP action. Only models with at most one set of 5- 
branes are shown. All 5-branes sit on the fixed point at the origin so that in models 
with 5-branes the spectrum is explicitly T-dual. 



17 



with a = e^^'^Z^. The open string spectrum can be easily computed by using the 
associated shift vectors: 

Ve = ^(1,1,1,1,-1,-1,-1,-1,0,0,0,0,0,0,0,0) 

= ^(0,0,0,0,1,1,1,1,-1,-1,-1,-1,0,0,0,0) (3.5) 

The gauge group is f/(4)^ x S0{8). The charged spectrum is displayed in Table |^. 

3.3 Zj 

The twist 6 is generated hj v = i(l,2,— 3). Taking 7^ = 1, the twisted tadpole 
cancellation condition eq. ( p.37|) implies Tr 70 = 32 cos y cos ^ cos = 4. Then, 

7, = diag ((514, 6%, PU, I4, 5I4, S%, S%, I4) (3.6) 

where 5 = e^*'^/^ and 5 = 5*. The open string spectrum can be computed using the 
associated shift 

r = ^(1, 1, 1, 1, 2, 2, 2, 2, -3, -3, -3, -3, 0, 0, 0, 0) (3.7) 

The gauge group is again f/(4)^ x S0{8) although the charged spectrum is slightly 
different from the Z3 x case (see Table 2). It is also possible to choose 7^ = — 1 
leading to Ti'je = —4. However, the resulting 70 leads to the same group and spectrum. 



3.4 Zq 

The twist 9 is generated by f = |(1, 1, —2). The twisted tadpole cancellation conditions 
are given in eqs. ( p.39|) and (|2.40| ). To simplify we consider the case with maximal gauge 



symmetry in which all 32 5-branes sit at the origin and we drop the fixed point subscript 
in 7fe 5. This configuration is T-selfdual (under duality transformations in the first two 
complex planes) and the gauge group from 9-branes and 5-branes is the same. In this 
case tadpole cancellation allows equal 7^ matrices for 9-branes and 5-branes. Indeed, 
we find 

Tr7fc,9 = Tr7fc,5 = ; k = 1,3,5 
Tr72,9 = Tr72,5 = 4 

Tr74,9 = Tr74,5 = -4 (3.8) 
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Also, condition (|2.38|) and the GP condition imply 7^g = —1 and 7^5 = —1 as we 



explained before. The twist matrix is then 



71,9 = 71,5 = diag (/?I6, 13%, ^le, ^'le, ^'14) (3.9) 

where (3 = e^'^f^. The matrices 7^,9 and 7^,5 are determined as described before. We 
find 





116 \ 




-Zll6 \ 


r 

V I16 




; 7n,5 = I 




I 


^Il6 / 



7n,9 = ; 7n,5 = ^" (3.10) 

7n,9 and 7^,5 have this same form in other even orientifolds in this section. 

Computing the spectrum is substantially simplified using the shift notation acting 
on 50(32) roots. The associated shift corresponding to 71^9 and 71^5 is 

V(99) = V(55) = ^(1, 1, 1, 1, 1, 1, 5, 5, 5, 5, 5, 5, 3, 3, 3, 3) (3.11) 

The gauge group in the (99) sector is given by 5*0(32) roots p verifying p ■ V(99) = 0. 
The (55) sector is identical so that the full group is {U{Q) x f/(6) x f/(4))^. Charged 
chiral matter fields in the (99) sector correspond to roots verifying p ■ V(99) = |, |, — | 
mod Z for each of the three compact complex planes. The (55) sector has the same 
matter content. As explained in section p.2| , to find the massless chiral fields in the 
(95), (59) sectors we look for weights 1^(95) verifying 1^(95) ■ V(95) = | mod Z. In the end 
we obtain the spectrum displayed in Table ^ 



3.5 

The twist 9 has w = ^(1, —3, 2). Tadpole cancellation conditions were given in section 



2.3. With all 5-branes at the origin they imply 



Tr7fc,9 = Tr7fc,5 = ; /c = l,3,5 
Tr72,9 = Tr72,5 = -8 

Tr74,9 = Tr74,5 = 8 (3.12) 
We also have 7^9 = —1 and 7i 5 = —1. Hence, 

71,9 = 71,5 = diag (/3I4, /3^l4, /3'l8, ^l4, ^'l4, ^'Is) (3.13) 
The associated shift acting on 5*0(32) roots is 

\/ = 1(1, 1, 1, 1, 5, 5, 5, 5, 3, 3, 3, 3, 3, 3, 3, 3) (3.14) 
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both on the 9-brane and 5-brane sectors. The unbroken (99) or (55) gauge group 
corresponds to 5*0(32) roots p verifying p - V = This yields (t/(4) x t/(4) x f/(8))^. 
Charged chiral multiplets in the (99) or (55) sector are given by roots satisfying p-V = 
mod Z respectively for each of the three compact complex planes. To find the 
(95), (59) chiral multiplets we look for weights 14^(95) verifying W^(95) ■ V(95) = — | mod Z. 
In this way we obtain the spectrum displayed in Table ^ 

3.6 Zi2 

The twist 6 is generated hy v = ^(1,-5,4). Tadpole cancellation conditions were 
given in section |2.3| . We choose a T-selfdual configuration in which all the 5-branes sit 
on the fixed point at the origin. We then find 

Tr7fc,9 = Tr7fc,5 = ; A; 7^ 4, 8 
Tr74,9 = Tr74,5 = 4 

Tr78,9 = Tr78,5 = -4 (3.15) 
Also, 7^1 = — 1 and 7^5 = — 1. The solution is then 

71,9 = 71,5 = diag (CI3, C%. C'l3, C"l3, C'l2, C'l2, CI3, C'la, Ch. C'^U'h. C%) (3.16) 

where C = e*'^/^^. Computing the massless spectrum with such a matrix is really very 
cumbersome but becomes straightforward using the shift notation. In this case 

^(99) = 1^(55) = ^(-1, -1, -1, 5, 5, 5, -7, -7, -7, 11, 11, 11, 3, 3, 9, 9) (3.17) 

Proceeding as in the previous examples we obtain gauge group (f/(3)^ x [/(2)^)^ and 
charged chiral spectrum as displayed in Table 0. One can check that the (99) and (55) 
sectors have S'f/(3) anomalies which are appropriately cancelled by the chiral fields 
from the (95) sector. 



3.7 Z3 X Zq 

The two generators 6 and uj are realized by vq = (|,0,— |) and = (|,— 1,0). In 
this case R = uj^ leads to 53-branes. Again we will treat the T-selfdual configuration 
with all 5-branes at the origin. Applying the results of Zwart we find that tadpole 
cancellation requires 

Tr70,9 = Tr7e,5 = 8 
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Tr 7.^2,9 = 


Tr 7,^2,5 = 


-8 




Tr 70^2,9 = 


Tr 70^2,5 = 


4 




Tr 7,^3,9 = 


Tr 7,^3,5 = 


Tr7^,9 = Tr7^,5 = 




Tr7e^,9 = 


Tr 70^,5 = 





(3.1 



These constraints are fulfilled by the matrices 

7^,9 = 7^,5 = dmgi^hJ%,f3%,f]h,f]%J%) (3.19) 

where a = e^*'^/^ and P = ^'^1^ . In this case it is particularly useful the use equivalent 
shifts to compute the open string spectrum. These are 

Ve,9 = Ve,^ = ^(2,2,0,0,1,1,0,0,1,1,2,2,0,0,0,0) 

K.,9 = K;,5 = ^(1,1,1,1,5,5,5,5,3,3,3,3,3,3,3,3) (3.20) 

The gauge group is (f/(4) x U{2)^)^. The charged particle spectrum from the different 
sectors is shown in Table |^. In this case the SU{4) anomalies are separately cancelled 
in each of the (99), (55) and (95) sectors. 

3.8 Wilson lines and non-coincident 5-branes 

In all the previous examples we considered the most symmetric situation in which 
there are no discrete nor continuous Wilson lines and all 5-branes sit at the same fixed 
point at the origin. New models with different spectra and smaller gauge groups can 
be obtained in the more general case in which both possibilities (which in fact are 
T-dual to each other) are present. We now discuss these possibilities and provide some 
examples. We restrict to D=4, although the analysis applies equally well to Wilson 
lines in D=6 orientifolds. 

The orbifold action underlying the IIB orientifolds is generated by the space group 
which involves elements {6, 1), with 6 representing Zn rotations, and elements (1,6^), 
with Cm G A, m = l,---,6, where = R^/A. The full space group is in general 
non-Abelian. The element {6, 1) is embedded in the open string sector through unitary 
matrices 70,^, according to the Dp-branes at the endpoints. In addition there can 
be background Wilson lines which correspond to embeddings of the elements (1, em) 
through matrices Wm into the 9-brane sector. To a fixed point / of 6^ there corresponds 
an element {9^,Cmem) such that (1 — 9^)f = Cmem, for some integers c^. The 9-brane 
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monodromy associated to this fixed point will thus be (Hm ^m'")7A;,9- The structure 
of the space group imposes constraints on 751 9 and Wm- In particular, if 9 rotates the 
lattice vector Cm, (6',em)^ = (1,0) and this in turn implies (W^mTe.g)^ = 1 (up to a 
phase). If [VFm, 761,9] = 0, then this actually implies = 1 and we are dealing with a 
quantized Wilson line. If [W^m,76»,9] 7^ the matrix Wm is in principle allowed to vary 
continuously and we are dealing with a continuous Wilson line. 

Let us consider fist the case of discrete Wilson lines. Now there is not just one 70,9 
matrix that must obey the tadpole cancellation conditions. The different fixed points 
split into sets feeling different gauge monodromies in the 9-brane sector and tadpole 
conditions should apply to all different embeddings (J\m W^m")7fc,9. This turns out to be 
a very stringent constraint. Once the Wm are determined we can compute the massless 
spectrum. In the (99) sector we have to project with respect to the Wilson lines, for 
both vector and chiral multiplets, according to 

AW = WmX^'^W^' ; A« = WmX^^'^W-' (3.21) 

for all m = 1, ■ ■ ■ , 6. In the (95) sector when the 5-branes sit at a fixed point in 
addition one has to take into account the precise gauge monodromy corresponding to 
that specific fixed point. In particular, if the point is fixed with respect to the space 
group element {9,Cmem), in eq. ( p.25| ) one should replace 71^9 by (Om W^m'")7i,9- 

Consider as a first example the orientifold discussed at the beginning of this 
chapter. One can take for the torus lattice A the root lattice of SU{3)'^. Consider 
the addition of a discrete Wilson line Wi along the first lattice vector ei. Wi must be 
unitary and verify Wf = 1. Since 6ei = 62 , there must be also an identical Wilson line 
W2 = Wi along 62- The three fixed points in the first lattice are the origin, wi with 
(1 — 9)wi = ei and W2 with (1 — 9)w2 = ei + 62- Hence, the 27 fixed points split into 
three sets of nine fixed points feeling monodromy 70^9, Wi'je^g and Wi'je^g respectively. 
Tadpole cancellation conditions will require 

Tr 7e,9 = Tr 1^17^,9 = Tr W^-fe,9 = -4 (3.22) 

We rewrite the twist ( p.l| ) as 70,9 = (al4, al4, Q;^l4, 14, 0:^14, 0:^14, q;I4, I4) in order to 
simplify calculations. Then, the following choice for Wi verifies the constraints: 

Wi = diag (I4, al4, al4, al4, 14, a^l4, a^l4, aH^) (3.23) 

This Wilson line background breaks the U{12) x S0{8) gauge symmetry down to U (4)^. 
The charged chiral multiplets transform as 

3(1, 4, 4, 1) + 3(4, 1,4, 1) + 3(4, 4, 1, 1) + 3(1, 1, 1, 6) (3.24) 
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This particular model was discussed in |]T8| and has the peculiarity that the field theory 
associated to the first three SU{4) factors is finite. The scalar potential in this model 
has a fiat direction under which the (99) chiral multiplets associated to one of the three 
complex dimensions get a vev. As it is well known, this corresponds to the addition of a 
continuous Wilson line. The SU{4)^ gauge symmetry is broken to the diagonal SU (4) 
and in this particular example one gets a model with N=4 global supersymmetry. 

It is interesting to see how this diagonal group spectrum emerges when a continuous 
Wilson line W is turned on. Consider the following proposal 



(3.25) 





( h 













w 








w = 


















I4 







[ 








W* 


is defined 


as 










^ w 


a 


a \ 


W 




a 


w 


a 






\ a 


a 


w 1 



(3.26) 



with a an arbitrary complex number. It is easy to check that constraints ( p.22| ) are 
verified. Moreover, (>V76i,9)^ = diag (I12, CI4, 112, 0*14) where c = (w^ — 3a^w + 2a^). For 
a = and i;; = a we recover the discrete Wilson line ( p.23[ ) discussed above. For a 7^ 
(and ^ 7^ 1, —2) we can choose a such that c = 1. Thus, we are left with a Wilson line 
completely rotated by the group action 751 9 and depending on a complex continuous 
parameter w. When projections ( |3.21|) are imposed, U{4:)diag x U{4:) gauge group and 
three chiral multiplets 3(16, 1) + 3(1, 6) are found. 

It is illustrative to consider now an orientifold obtained from Z3 by a T-duality with 
respect to the first two complex planes. In the notation of this would correspond to 
the D=4: analogue of the Zq orientifold. Under this duality Q QR and the orientifold 
is generated by the order six element Q9, with 9 generated by f = |(1, 1, —2). Thus, 
the orientifold group is ^ = {l,d'^,6^,QR,Q6,Q6^}. Since Q is not an element of 
the orientifold group, this model has no 9-branes. Cancellation of untwisted tadpoles 
requires the presence of 32 5-branes. Cancellation of twisted tadpoles further requires: 



Tr7fc,5,o = -4 



Tr 7fc,5,, 







k = 2,4 



(3.27) 



where J = 1, 8, refers to fixed points in the first two complex dimensions away from 
the origin (J = corresponds to the origin). If all the 32 5-branes sit at the origin. 
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the conditions on 72,5,0 are analogous to those for 9-branes in the T-dual model so that 
eq. (|3.1| ) would give a solution for 72,5,0- This yields then gauge group U{12) x 5*0(8) 
and chiral fields in 3(12, 8) + 3(66, 1). Now suppose that we send some of the 5-branes 
to some other fixed point away from the origin. Due to conditions ( ^.27] ) we cannot 
send them all away from the origin, a minimum of eight 5-branes must remain with 
72,5,0 = (al4,a^l4), so that Tr 72,5,0 = —4. The other 24 5-branes can leave the origin 
in groups of six 5-branes (so that they form sets invariant under the orientifold action) 
and reach some of the other fixed points. Take for example the case in which 12 5- 
branes sit at the same fixed point away from the origin. The other 12 are related to the 
former by QR so that projection under this generator does not give extra constraints. 
Then, the tadpole condition on the 12 5-branes has solution 

72,5,J = diag {ah, a\, I4) (3.28) 

with a = e^*'^/'^. The overall spectrum of this 5-brane configuration is as follows. The 
8 5-branes at the origin give gauge group U{A) and three copies of chiral fields in the 
antisymmetric representation. The other 24 5-branes yield f/(4)^ and matter fields in 
3(1, 4, 4) -|-3(4, 1, 4)-|-3(4, 4, 1). Thus, we recover exactly the same massless spectrum as 
the T-dual. Now, if we send all the 24 5-branes to the bulk, they must travel in and 
QR invariant configurations. This means that there are only four dynamical 5-branes 
leading to SU{4)diag with three chiral multiplets in the adjoint. This corresponds to 
giving non- vanishing vevs to the bi-fundamental fields present in the configuration with 
24 5-branes at the fixed point. 

Let us now study Wilson lines in a model with both 9-branes and 5-branes. Consider 
the Z'q orientifold generated by the twist v = |(1, —3,2). This can be realized taking 
A to be the SU{3) x 50(4) x SU{3) root lattice. The properties of the Wilson lines 
that can be added depend on what complex direction the Wilson line wraps around. 
Consider Wilson lines W3, W^i, wrapping around the second complex plane. The condi- 
tion {6, 63,4)^ = 1 implies that W^^ = 1. Suppose we add a Wilson line W3 around the 
direction 63. The four 6 fixed points in the first and second complex directions will split 
into two points with monodromy 7^ 9 and another two points with monodromy W-^'Je^g- 
The three fixed points under 6"^ will not feel the Wilson line whereas the sixteen fixed 
points under R = 9^ will split in two sets of eight fixed points each. In addition to 
eqs. ( p.l2| ), note that tadpole cancellation conditions will require 

Tr 1^373,9 = Tr H^37i,9 = (3.29) 
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Consider the following Wilson line 

= diag (Is, I., -h-r, Is, Ir, -Is-r) (3.30) 

This matrix verifies all the constraints. The effect of W3 is to break the gauge symmetry 
down to f/(4)^ X U{r) X U{8 — r). Consider the open string spectrum in the particular 
r = simple case. The gauge group in the (99) sector is as in the case without Wilson 
line, f/(4)^ x U{8). The chiral multiplets in this sector transform as 

(1, 1, 28) + (1, 1, 28) + (4, 4, 1) + (4, 4, 1) + (6, 1, 1) + (1, 6, 1) + (4, 4, 1) (3.31) 

Concerning the chiral multiplets in the (59) sector, if all 5-branes sit at the origin, since 
the fixed point at the origin does not feel the Wilson line, the spectrum is just that 
given in Table 0. If all the 5-branes sit at one of the fixed points feeling the Wilson line 
(those with coordinates ^63 and ^(63 + 64) ) the (59) spectrum is still similar except for 
a fiipping 8 ^ 8 in the U (8) of the 9-branes. This is due to the fact remarked above 
that in the projection one should replace 70,9 by ^^370,9. 

Due to T-duality, in this Z'q orientifold there must be an operation on the 5-branes 
degrees of freedom which gives an analogous spectrum. In other words, certain dis- 
tributions of 5-branes on different fixed points must produce analogous physics. It is 
easy to find the configuration of 5-branes that reproduces the spectrum that we found 
for the 9-brane sector with the Wilson line W^. We locate 16 of the the 32 5-branes at 
the origin in the first two complex planes. Those must fulfill the tadpole conditions in 
section ^]3| that have solution 71,5,0 = {Pli, P^li, Pl^, P^Ia) ■ These 16 5-branes give rise 
to t/(4)^ group with charged fields transforming as (4, 4) -|- (4, 4) -|-(6, 1) -|- (1, 6)-|-(4, 4). 
Now we locate the remaing 16 5-branes at one of the other three fixed points L = 1, 2, 3, 
in the first two complex planes. The choice 71,5, l = {f3^ls, P^ls) is consistent with tad- 
pole cancellation. It gives rise to gauge group U{8) and matter fields in 28 + 28. Notice 
that the overall spectrum is the same as that obtained in the 9-brane sector with the 
addition of the Wilson line W^. Notice also that there are no fields which transform 
non-trivially with respect to both the gauge group from the 5-branes at the origin and 
the group from the 5-branes at a different fixed point. 

4 D = A Orientifolds with alternative discrete tor- 
sion projections 

As we already remarked, in even order type IIB orientifolds tadpole cancellation is 
consistent with alternative ways of realizing the orientifold projection. This has been 
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known in D=6 for some time. Shortly after ref. appeared, another way of orientifold- 
ing was presented 0, in which D9-branes are absent. On the other hand, refs. ^ 
working in an F-theory framework, suggested another consistent way of performing the 
orientifold projection. Compactifying F-Theory on a (/i2i,^ii) = (51,3) Calabi-Yau 
(CY) manifold, and using Sen's identification of the fiber inversion with 1)^^ in 
IIB theory |2|], gives an orientifold group {^](-l)^^7^3, fi(-l)^«7^4, 7^37^4, 1}. Here 



TZi is a Z2 inversion of coordinate Yi. Tadpole conditions require the presence of two 
sets, 7, 7', of 7-branes. Furthermore, the action of in the 7-7' sector changed from 
-1 (as in the GP model), to +1. together with this, the new model had extra twisted 
tensors and symmetric 7/j matrices (compared to antisymmetric in the GP case). In 
fact the GP model, or rather its T-dual, can also be constructed in terms of these same 
generators and two sets of 7-branes I^Oj. Hence, it became clear that the sign of 
in the mixed 7-7' sector is just a choice that can be made each time a Z2 projection 
is realized. This is thus analogous to the discrete torsion degree of freedom already 
encountered in heterotic orbifolds |2^, This connection with discrete torsion was 



in fact suggested in & |2| 



The choice of sign for can be shown to be related to the symmetry or antisym- 
metry of the matrix 7/? that realizes the order two orientifold twist on the Chan-Paton 
matrices. It was noted in that the presence of certain couplings of R-R scalars to 
open string vectors required the constraints 

7ii = -In^hn^ (4.1) 
for the standard fl^ = —1 projection and 

IR = +ln'lhn' (4-2) 

for an alternative Q'^ = +1. In what follows we will construct D=4, N=l orientifolds 
realizing the alternative projection. 

4.1 Z2 X Z2 orientifolds and discrete torsion 

The D=4: analogue of the GP orientifold is the Z2 x Z2 orientifold of |[T3|. In this 



model the standard Q"^ = —1 GP action is consistently assumed in mixed subsectors. 
We would like now to construct D=4 models with alternative actions. 

In fact, the existence of these new models was conjectured in ref. ||2^ that con- 



structed D=4: models in terms of F-theory compactified in particularly simple Calabi- 
Yau four-folds. In a few examples, such as their (C,C) model, the complete spectrum 
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coming from F-theory computations is available. This is an affordable four-fold calcu- 
lation in F-theory, as it admits a T^/{Z2)^ orbifold point. Indeed, it is the analogue 
of the six- dimensional F-theory compactification on the (51,3) CY threefold that we 
mentioned above. The structure of the Z2 fiber degenerations over the base implies 
5*0(8)^^ gauge group, no charged chiral multiplets and fifty-five moduli. 

In D=6 it can be shown that the usual blowing up procedure, corresponding to 
deforming the Kahler class, produces the (51,3) model with S0{8)^ gauge group and 
17 tensors \2^\. This is the model in R Bl. Instead, to get the GP model, with just one 



tensor, we have to resolve the singularities by complex structure deformations that lead 
to F-theory on the (/i2i, ^11) = (3, 243) CY. These facts provide new clues for the dis- 
crete torsion analogy. In ref. ||2^ it was conjectured that the model in (which only 
uses GP-type projections) can be obtained by an F-theory compactification on a CY 
four-fold resolved by complex structure deformations. Then, it is expected that blow- 
ing up the F-theory (C,C) model corresponds to an orientifold with a 'complementary 
Q action'. This is what we now describe. 

The orientifold group is generated by {1, 7?.27?.3, fi(— l)^^7?,i, fi(— 1)^^7?,2}- We ex- 
pect three sets of 7-branes, associated to elements 

^](-l)^^7^^ = a 7i-branes (4.3) 

In principle there could also be D3-branes, due to the Q{—l)^^TliTZ2TZ3 element, but 
its absence in the F-theory formulation of the same model indicates that they are not 
present. We will make use of what we know from the D=Q model in |^. As in that 
case we can put eight 7j-branes at each of the four orientifold fixed points generated by 
Qi. Then, the 7 matrices are written as 8 x 8 matrices. Twisted tadpole cancellation 
requires 

Tr77^l7^2,7l + Tr77^^7^2,72 = 
Tr 7-^,27^3,72 + Ti'jn2n3js = 

Tr77^l7^3,7l + Tr 77^,7^3,73 = (4.4) 
where the relative + sign is due to r^^y, = +1 p|, p|. We can then take 
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(4.5) 
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The signs for 7^- are such that 7^-70^ = Jtz^tIj- The closed sector, as in [|2^, gives fifty- 
five moduh. In open sectors, we have to project with the 7's above. Each of the three 
7j7j sectors gives gauge group 5*0(8)''. For example, in the 7i case, the Chan-Paton 
matrices satisfy 

A = -7f^i;7iA^7f^iVi = -A^ 
A = iTZi-Ri-ji^lnlni-ji = A 

A = 7Ti2n3;7i^lnln3;7i = ^ (4-6) 

so that A is orthogonal and gives 5*0(8) at each orientifold plane. For chiral multiplets, 
as in D=6, the fact that the monodromy is trivial {'jniiij = =tl) kiUs all matter. In the 
same way, considering the phases due to group actions, we find that mixed 7i7j sectors 
do not add any other massless state. 

We have therefore recovered the spectrum of the (C,C) F-theory compactification 
24], a 'discrete torsion' version of the orientifold of |jl3|. The matrices in (4.5) 



m 



representing the Z2 actions clearly are all symmetric, contrary to the matrices of ref. [|T3| 
that are antisymmetric, as in the original GP model. We can nevertheless think of a 
model in which one Z2 twist is realized in GP way and the other in the way of [0, H. 



This option was also suggested in ref. pj] in terms of a four-fold ambiguity in defining 
the Z2 X Z2 orientifold. The construction is quite similar to the one before, we just 
substitute one Z2 action from the symmetric form by one of the antisymmetric matrices 



defined in [13|. More concretely, consider 
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(4.7) 



(4.^ 



It is important that the set of matrices in ([4.7|) satisfy all conditions imposed by group 
multiplication. These conditions are the same as in [0, except that when ^^7^73 enters, 
it gives an extra -1 due to the new projection. Meanwhile ^^7^73 remains equal to -1. 
The choice in ( [4.7|) cancels twisted tadpoles in accordance with 

Tr77^l7^2,7l - Tr 77^^7^2,73 = 
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Tr77j27e3,72 - Tr 77^^7^3,73 = 

Tr77^l7^3,7l + Tr 77^,7^3,73 = (4.9) 

The closed spectrum is still the same. In the open sector, the projection by M breaks 
S0{^) SU{4:) |30[. The three 7j7i sectors give together S'f/(4)^^. To compute the 



matter spectrum we just have to recall the phases corresponding to each group action, 
with Q ^ ±1 for DD, NN boundary conditions and TZi —* —1 when acting on Yi. We 
get two copies of (6, 1, 1, 1) from each 7j sector. In mixed sectors, the TZilZj twist kills 
all states. The total spectrum is anomaly free. It would be interesting to obtain the 
F-theory version of this model for comparison. 



4.2 A chiral Z'q model without 9-branes 

One can also extend to D=4: the projection presented in ref. [Q. One can for example 
construct a x Z3 orientifold with group {1,-R} x {l,ti;,ti;^} x where R is 

generated by vr = (0, |, — |) and u hj = (i, — |, 0) whereas S is the transformation 
S : {Y2, Y3) ^ (-F2, -Y3 + i). In principle, the group elements ilS and D.RS would 
give D5-branes and D9-branes respectively. But, due to S, the Klein bottle amplitude 
associated to D9-branes is free of tadpoles [Q. There are still /C tadpoles proportional 
to V4V1/V3V2 that can be cancelled by introducing D5i-branes. To solve the model, we 
will consider a configuration in which 16 D5-branes are on top of the origin and the 
other 16 sit on its image under S. As in ref. p, we can take 7^5 = I, •y^ = (Ig, —Is)- 
Also, 

7^ = diag (a^l2, ah, h, ah, ot^h, h) (4-10) 
The constraints on Chan-Paton factors read: 

A(°) = mX^'h-K' ; A(°) = 7.A(°)7.-^ (4.11) 

for gauge vectors while for matter 
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(4.12) 



where a = q^'^'^/^. From the (55) sector we obtain gauge group (?7(2)^ x f/(4))^ and 
charged matter fields transforming as 

: (2, 1, 4; 1, 1, 1) + (1, 2, 4; 1, 1, 1) + (2, 2, 1; 1, 1, 1) 
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+ (1, 1, 1; 2, 1, 4) + (1, 1, 1; 1, 2, 4) + (1, 1, 1; 2, 2, 1) 

^2 : (1, 2, 1; 1, 1, 4) + (1, 1, 4; 2, 1, 1) + (2, 1, 1; 1, 2, 1) 

+ (1, 1,4; 1, 2, 1) + (2, 1, 1; 1, 1, 4) + (1, 2, 1; 2, 1, 1) 

ij^ : (1,1,4; 1,1,4) + (1,1,4; 1,1,4) 

+ 2(2, 1,1; 2, 1,1) + 2(1, 2,1; 1,2,1) (4.13) 

The model is chiral and anomaly free. 



5 Heterotic duals of D = 4, = 1 orientifolds 

The ten-dimensional 50(32) heterotic string is supposed to be S-dual to type I strings. 
This fact is already suggested by the form of the ten-dimensional effective Lagrangian. 
By dimensional reduction one can obtain that the mapping between the dilatons of 



both dual theories in D dimensions is [O, El 



= ^ - ^ logdetCr^^ (5.1) 
4 lo 

where $/ {^h) is the type I (heterotic) dilaton. Gh is the metric of the {10— D) 
compact dimensions in the heterotic frame. Notice that for D=10 indeed a strongly 
coupled heterotic string maps to a weakly interacting type I string. However, for D=4 
eq. (|5.1j ) shows that there might be a weak-weak coupling duality for regions of moduli 
space. This means that if we have a D=4 type I vacuum and a heterotic vacuum 
which are dual to each other, their spectra has to exactly match at weak coupling. It 
is important to realize however that the weakly coupled dual of a perturbative ( type I 
or heterotic) D=4 model need not be a perturbative string construction. 

In ten dimensions the gauge group in type I originates in open strings ending on 
9-branes whereas in S'0(32) heterotic they originate in the left-handed bosonic sector 
with 16 coordinates compactified on the Spin{32)/Z2 lattice. Thus, in searching for the 
heterotic duals of given D=4, N=l orientifolds the obvious idea is to consider heterotic 
Z]y or Zn X Zm orbifolds whose gauge degrees of freedom and untwisted chiral states 
match the orientifold spectrum. It turns out that this is possible in all cases. The 
identification is particularly obvious if we choose the Cartan-Weyl representation for 
the twist matrices 709, as we discussed in section U,.2\, and associate a shift vector 



V(99) to these matrices. Thus, the natural mapping between (99) orientifold states and 
heterotic untwisted sector is 

Type I < — > 5*0(32) Heterotic 
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^p\\0,ab)X'^Zb " V-MO)/?® / = 1,---,16 

2 ' 2 

^N|0,a6)A^t, ^ = 1,2,3 ^ ^1^\0)r® \P')l ,\dX')L 2 = 1,2,3 

2 ' 2 

71,9 = exp(-2z7rV(99) ■ i^) < — > \4et = ^(99), AT^^et e T (5.2) 



where F is the Spin{32)/Z2 lattice and P G F are the gauge quantized momenta of the 
heterotic string. On the heterotic side the action of the twist 6 in the gauge degrees 
of freedom is embedded through the shift V/gj and the massless states are obtained 
by projection P ■ Vhet = integer for the gauge group and P ■ Vhet = Vi mod integer 
for the i = 1,2,3 untwisted chiral multiplets. One can trivially check that with the 
identification Vhet = V^gg) indeed the untwisted heterotic spectrum precisely matches 
the (99) sector of the candidate dual orientifold. 

For a heterotic orbifold to be perturbatively consistent certain modular invariant 
constraints must be fulfilled. In particular level matching imposes for a Z^r twisted 
sector the constraint A^(Vjfet ~ '^^) — even. Now, one can check that only the shifts 
V(99) in section 3 corresponding to odd (Z3, Z3 x Z3, Zj) obey the modular invariant 
constraints, while none of the even order twists do. Indeed, perturbative heterotic duals 



for these three orientifolds were proposed in refs. |14, O, M. However, it is easy to 



obtain new shifts that produce the same untwisted spectrum and are modular invariant 
also for even N. It is enough to consider any of the even order shifts in section 3 and 
do the replacement 

Vhet = V(99) —^Vhet = ^(99) ' (0, 0, 0, ■ ■ ■ , 0, 1) (5.3) 



This fact was already noticed in the D=6 case in ref. [^]. Indeed, consider the simplest 
Z2, D=6 GP orientifold. One can check that in this case V(99) = |(1, 1, 1, 1), which is 
not modular invariant, but the twist Vhet = :|(1, 1, 1, —3) does obey the perturbative 
modular invariant constraints. The new Vhet gives the heterotic dual of a particular 
configuration in the Z2 orientifold in which there are 2 D5-branes at each of the 16 fixed 



points of Z2 in D=6. It was argued in ref. [25| that the first (non-modular invariant) 
shift for the heterotic model gives rise to the heterotic dual of a different configuration 
of the Z2 orientifold in which e.g. all 32 5-branes sit at the same fixed point. The 
same was found for the other D=6, N=l orientifolds, the duals of orientifolds with 
all 5-branes sitting at the origin are (non-perturbative) heterotic models in which the 
standard modular invariant constraints are violated. This is just as well, since most 
orientifold models have extra gauge and matter degrees of freedom coming from the 5- 
brane sector which can only appear on the heterotic side at the non-perturbative level. 
In D=6 these non-perturbative effects may be understood as due to small instantons 
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either in the bulk or located at fixed points. Non-perturbative heterotic orbifolds of 



this type were constructed in ref. 



The D=4, N=l orientifolds discussed in this paper appear to behave in a sim- 
ilar way concerning type I-heterotic duality. It seems that the heterotic duals of 
orientifolds with all 5-branes sitting at the origin are non-perturbative D=4, N=l 
heterotic orbifolds in which the usual modular invariance constrains are violated and 
non-perturbative gauge groups and fields arise due to small instanton effects. Al- 
though, as we mentioned above, for each of the orientifolds of even order one can find 
a perturbative heterotic candidate dual obeying modular invariance constraints, one 
cannot match the full massless spectra with the orientifolds since, to start with, these 
perturbative vacua are missing the extra degrees of freedom associated to the 5-branes. 
Furthermore, these perturbative heterotic vacua have extra charged matter fields in 
their twisted sectors which also are missing in their orientifold counterparts. From this 
point of view the D=6, Z2 GP model is exceptional since there is one configuration of 
the 5-branes (two in each of the 16 fixed points) which precisely matches the perturba- 
tive Z2 heterotic orbifold that we mentioned above. With that configuration there is no 
gauge group left from the 5-brane sector. In the case of generic D=4, N=l orientifolds 
of even order such privileged 5-brane configurations seem difficult to find, if they exist 
at all. 

To exemplify the above discussion let us consider a candidate perturbative heterotic 
dual of the Zg orientifold. The mapping in eq. ( |5.2| ) suggests constructing a perturbative 
heterotic orbifold with a shift Vhet = V^gg) as given in eq. ( p.l4| ) appropriately shifted 
as in (|5.3| ). As we said, the untwisted sector precisely matches the (99) sector of the 
orientifold. On the other hand, the twisted sectors have content 



e,e' : 12(4, 1,1) + 12(1, 4,1) 

e^,e^ : 9(6, 1,1) + 9(1, 6,1) + 6(4, 4,1) + 3(4, 4,1) + 18(1, 1,1) 

9' : 4[(1,1,8) + (1,1,8) + (4,1,1) + (1,4,1)] + 8[(4,1,1) + (1,4,1)] (5.4) 

One can check that the contribution to non-Abelian anomalies coming from 6, 9^ sec- 
tors is cancelled by that coming from the 6'^, 6'^ sectors. The contribution of the 9^ 
particles exactly cancels against the untwisted sector. Notice that the content of the 9^ 
twisted sector is identical to that of the (59) sector of the Z'^ orientifold, except for the 
obvious fact that multiplicities coming from the number of fixed points in the heterotic 
orbifolds are representations with respect to the (55) gauge group on the orientifold 
side. Although this coincidence would suggest that this perturbative heterotic model 
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could be dual to the Z'^ orientifold, there is nothing in the orientifold resembling the 
spectrum of O'^.n = 1,2,4,5 sectors. Rather, one would expect this model to be dual 
to some non-perturbative type I vacuum which has solitonic states reproducing those 
sectors (in the same way that 5*0(32) spinorial representations are expected to appear 
at the non-perturbative level in type I strings). 

Heterotic duals for some of the D=4, N=l orientifolds of section^ with alternative 
orientifold projections can however be proposed. Consider first the Z2 x Z2 orientifold 
with gauge group 5*0(8)^^ of section and the corresponding heterotic Z2 x Z2 
orbifold generated by the actions ve = |(1, —1, 0), = |(0, 1, —1) acting on a square 
5*0(4)^ compactification lattice. Add quantized Wilson lines ai, 02 along, say, the first 
two compact coordinates. If 9 (tu) is embedded in the Spin{32) / Z2 gauge lattice as a 
shift vector A [B) given by 

A = a, = ^(1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0) 

B = a2 = i(0, 0,0, 0,1, 1,1, 1,1, 1,1, 1,0, 0,0,0) (5.5) 

the gauge group is broken to 5*0(8)'^. Notice that these shifts violate the perturbative 
modular invariance constraints. The presence of the Wilson lines projects out any 
massless untwisted charged field. Now, consider the 9 twisted sector. Its 16 fixed 
points are split into four groups of four fixed points each feeling respectively the gauge 
monodromies A, A + a2, A + ai + a2, A + ai. The first three shifts here have length 2 
and there are in principle no perturbative massless states in those sectors. However, 
as discussed in refs. [0, small instantons sitting at a Z2 singularity with such 
monodromy generate a tensor multiplet in D=6 which in turn gives rise to a massless 
chiral singlet when reduced to 0=4. Thus, there are 12 singlets from those 12 fixed 
points. The other 4 fixed points under 9 have trivial monodromy since A = ai and 
A is of order two. As remarked in ref. [Q, 5-branes at a Z2 singularity with trivial 
monodromy originate an 5*0(8) vector multiplet plus one tensor multiplet in D=Q. 
Projecting down to D=A one thus expects from the four fixed points gauge group 
50(8)^ and 4 singlets. Now, from the sector twisted under 9uj a similar massless 
spectrum, an 5*0(8)^ and 16 singlets, is expected. Finally, the 16 fixed pints under u 
do not feel the Wilson lines, all feel monodromy given by B. Thus one only expects 
16 extra chiral singlets in the massless spectrum. Putting all the pieces together, one 
obtains the expected 5*0(8)^^ gauge group and the correct number of moduli singlets 
to reproduce the spectrum of the orientifold. 

In the same way one can find the candidate heterotic dual for the Z2 x Z3 orientifold 
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in section ^]2|. Here vg = ^(0, 1, —1) and = ^(l, —1,0). We add a Wilson line ag 



around the sixth coordinate and embed 6 and u through shifts A, B as follows: 

A = ^(1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0) 

B = ^(0,0,0,0,1,1,-1,-1,1,1,-1,-1,0,0,0,0) 

ae = i(l, 1,1,1, ■■■,1,1,1) (5.6) 

Again these shifts do not verify the perturbative modular invariance constraint. One 
can check that the untwisted sector reproduces the (55) sector of the orientifold in 
section |4.4 Unlike in the previous example, there is no twisted sector with trivial 
monodromy that could cause extra non-perturbative gauge factors. As discussed in 
ref. the twisted subsectors of order two and three have associated shifts A, B which 



only lead to extra singlets from twisted sectors upon reduction to D = 4. 

6 Effective action and anomalous ?7(l)'s in = 4 
orientifolds 

In this section we wish to discuss some general features of the effective low-energy 
supergravity action of D=A, N=l orientifolds. We will concentrate on the class of type 
IIB orientifolds discussed in chapter 3. Let us first describe a few general properties of 
the massless closed string sector of these theories. As discussed in chapter 2, besides 
the supergravity multiplet, closed strings give rise to a number of untwisted chiral 
moduli singlets Tj and twisted singlets M^. Here 2 = 1,2,3 except for the Z3 and Zq 
orientifolds that have extra off-diagonal moduli. In addition only Zq has one complex 
structure field U2- However, we will consider only the diagonal untwisted moduli Tj 
and the dilaton chiral singlet S. The dependence of these four complex scalars on the 
radii Ri of the three compact dimensions can be extracted from the A^=2 results of 
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S = e-^R^R^R^ + i9 ; T, = e'^^-^ + zr], J ^ k) (6.1) 

rijiik 

where (f) is the four- dimensional dilaton and 9, rji are R-R scalars. Let us concentrate 
now on orientifolds which contain 9-branes and one sector of 5-branes located at the 
origin (all even order orientifolds in Table The gauge group in these models has 
the structure Gg x G^, where Gg (G5) originates in the 9(5)-brane sector of the theory. 
There are charged matter fields of three types, fields Cf, i = 1,2, 3, charged under Gg 
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only; fields Cf, i = 1,2, 3, charged under G5 only; and fields C^^ charged under both Gg 
and 6*5. It is interesting to see how the different massless chiral fields transform under 
T-duality. Suppose that the worldvolume of the 5-branes sweep the four non-compact 
dimensions and the third complex plane. We already remarked that the configuration 
with all 5-branes at the origin is invariant under T-duality transformations in the first 
two complex planes. With the above definitions for S and Tj one thus finds 

Ri^-B- ; ^2 ^ 

S ^ Ts 
Cf ^ Cf 

C^^ ^ C^^ (6.2) 

Then, we observe that under T-duality the roles of S and T3 are exchanged. The gauge 
kinetic functions /g^s dependence on the S, Ti fields can also be extracted from the N=2 
case 

/9 = ^ ; /5 = T3 (6.3) 

This is consistent with the fact that under T-duality in the first two complex planes 
S goes to and the roles of 5-branes and 9-branes are exchanged. Notice that from 
the heterotic point of view the gauge interactions from 5-branes are non-perturbative 
and this tells us that their strengths are governed (in the dual heterotic) by the moduli 
rather than the dilaton. 

In fact there are reasons to argue that both /g and /s also depend linearly on closed 
string twisted singlets M^. One can easily check that all orientifolds in Table ^ have 
anomalous f/(l)x's in their spectra. We know that in D=4, A^=l heterotic vacua 



those anomalies are cancelled by a four-dimensional version of the Green-Schwarz p5 



mechanism in which Im S transforms as Im S ^\m.S — 5gs^{x) under a U{l)x gauge 
transformation with gauge parameter A(x). Since in the perturbative heterotic ImS" 
couples to FF in a universal manner to all groups, the U{l)x anomaly can cancel as 
long as the mixed anomaly of the U{l)x with all gauge interactions are in the ratio 
of the Kac-Moody levels of the gauge algebras. Furthermore, since there is only one 
dilaton field S to do the trick, in perturbative heterotic vacua there is at most only one 
anomalous U{l)x- Equation (|6.3|) already tells us that in the case of type IIB, i5=4 
orientifolds there will be in general more than one anomalous U{l)x since not only S 
but moduli fields like T3 have suitable couplings for a Green-Schwarz mechanism to 
work. 
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More precisely, one finds that in the absence of Wilson lines the orientifolds Z3 
and Z3 X Z3 have only one anomalous U{l)x, but several if Wilson lines are added. 
The Zf orientifold has three anomalous f/(l)x's when there are no Wilson lines. For 
models with both 5-branes and 9-branes one finds several anomalous t/(l)x's. For 
example, one finds three anomalous f/(l)x's in the Zq orientifold of chapter 3. In order 
for all the anomalies to cancel, non-linear transformations of the S and T3 fields are 
not enough. This is particularly obvious in odd models like Z^ in which there is no 
5-brane sector and the 5* field couples universally to the SU{12) and 5*0(8) factors. 
One can easily show that the mixed anomaly of the U{l)x with those two factors is 
different and could not possibly be cancelled by a shift in Im S. What happens is that 
a linear combination of 27 twisted moduli fields Ma, a = 1, ..,27, do also get shifted 
under a U{l)x transformation. In addition, direct couplings of the closed string 
states with FgFg must exist for the mechanism to work. That this is the case can also 
be confirmed by studying the heterotic dual of this model. Something analogous is 
expected in the case of models with 5-branes. Thus, U{l)x anomaly cancellation in 
this class of orientifolds requires gauge kinetic functions of the form 

h = S + Y.^lM^ ; /5 = T3 + Y.^lMa (6.4) 

a a 

where c^J' are constant coefficients. Multiple U{l)x anomaly cancellation is achieved 
by non-trivial transformations of 5, T3 and under the U{l)x^^- Notice that this is 
analogous, though not identical, to the generalized Green-Schwarz mechanism in D=Q 
theories suggested in ref. . 



Using symmetry arguments one can also extract some of the relevant terms for the 
Kahler potential in orientifolds with 9-branes and one set of 5-branes. The equivalent 
terms for the N=2 case were obtained in ref. |^4|. Considering the truncation from 
the D=10 type I action and imposing invariance under T-duality with respect to the 
transformations in eq. (|6.2|) one gets 



K = - \og{s + s* + \cl\')- login + t; + \cI\') 



- log(Ti + T* + \C^^\' + IC2T) - log(T2 + T; + |C||' + ICfn 

(Ti + Ti*)V2(T2 + r2*)i/2 

Indeed the above formula is invariant under T-duality with respect to the first two 
complex planes and with respect to the Peccei-Quinn symmetries corresponding to 
shifts of the imaginary parts of S and Tj. The form of the metric of the charged C^^ 
fields is suggested by T-duality invariance and the fact that the (95) sector of these 
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theories behave as a sort of Z2 twisted sector. The perturbative trihnear superpotential 
W has the structure 

W = C^C^Cl + C^ClCl + C^^C^^Cl + C^^C^^Cl (6.6) 

It is also exphcitly invariant under T-duahty in the first two complex planes. One 
can also test in specific examples that gauge quantum numbers are consistent with the 
existence of these couplings. 



Acknowledgements 

We are grateful to A. Uranga, J. Maldacena and G. Zwart for discussions and to 
R. Rabadan for computing the spectrum of the model in eq. (^.4|) . G.A. thanks the 
AS-ICTP for hospitality and financial support. L.E.I, and G.V. thank CICYT (Spain) 
for financial support. A.F. thanks CONICIT and CDCH-UCV for research grants, the 
AS-ICTP as well as the CERN TH-Division for hospitality and support, and Fundacion 
Polar for travel aid. 



37 



7 Appendix 



1-loop amplitudes and tadpoles 

We want to compute the tadpoles for / {Z^,^} type IIB orientifolds. We start 
by writing down the Klein bottle amplitude given by 

^ = ^rT. Tt (7-1) 



t 

where 

= Tr{(l + (_i)^)(]^fce-2"*[^°(^")+^o(^")l} (7.2) 

The contribution of the uncompactified momenta is already extracted in ( [7.1|) . Recall 
that V4 denotes the regularized space-time volume. Since fl exchanges 6^ with 
only n = and = y, if is even, do survive the trace. 9'') and Zjc{R, 6^) lead 

to pieces K,i{9^) and K,r{9^) whose definition is obvious from ( |7.1| ). 

The trace in Ziq can be evaluated in a standard way using -d functions to write 
the contributions of complex bosons and fermions. Also, the GSO projection is imple- 
mented by summing over spin structures. Then, taking into account the insertion of Vt 
we find 

E ^ n -l^"'^:^-"-'' (7.3) 

where rjo^Q = —rj^ 1 = —rji = 1- The and 7] functions are defined in the compendium 
at the end of this appendix. The tilde indicates that the argument is g = = 
g-47rt^ This result is strictly valid only if 2kvi 7^ integer. If kvi =integer, ( [7.3| ) has a 
well defined limit but we must also include a sum over quantized momenta in the Yi 
direction. If kvi =half-integer, ( |7.3| ) has again a well defined limit but we must also 
include a sum over windings in the Yi direction. Upon taking the limit t ^ 0, using the 
Poisson resummation formula, a sum over quantized momenta in Yi gives an internal 
volume factor Vi, whereas a sum over windings in Yi gives a factor 1/Vi. For example, 
in Z'q with v = |(1, —3, 2) we have the following overall volume dependence in KiiO^): 
for A; = 0, Vi/V2 for A; = 1, 5, ^4^2 for = 2, 4, and VaV^/ViV2 for A; = 3. 
Let us now write Zjc{R, 9^) that appears when is even. We assume that f , as in 
Table ^ has been chosen so that to R = 9^^"^ there corresponds yf = (|, |, 0) mod Z. 
Then, 

/ 



Z^{R^9') = x{9''/\9^) E ry„,,^ 




3; 



(7.4) 
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^ Qk^ jg ^ factor that takes into account the fixed point degeneracy [28|. Eq. (7.4) 
is strictly vahd only if 2kv^ ^ integer. If kv^ =integer, there is a well defined limit but 
we must also include a sum over quantized momenta in 1^3. If kv^ =half-integer, again 
there is a well defined limit but we must also include a sum over windings in 1^3. 

Both ( [7.3|) and (|7.4| ) vanish by virtue of supersymmetry. Indeed, choosing, as in 
Table ||, f 1 + f 2 + f3 = 0, and using the identities (|7.31|) , we find 



+2kvi J 



f=i ] 




^[?] / 2 ?9[iJ, ]\ (-2sin27rA;t;3)?9[iJ, , 



2kvj,i 



2 r2kvz 



Notice that in Zk:{R,9'') the expression multiplying (1 — 1) vanishes identically when 
k = 0, N/2 and when 2kv2 = integer as in Zg. 

The next step is to extract the divergences as t — 0. To this end we use the identities 
( |7.3(J| ) given in the compendium. Roughly speaking, we find Z/c ^ (1 — l)(2t) x factors. 
More precisely, take for example Zic{l,6'') and for simplicity assume 2kvi ^ integer. 
The limit t — gives 

3 

Z,cil,0'') (1-I)(2t)ni2sin27rfcwi| (7.6) 

i=l 

Also, taking into account sums over moment a/ windings and using the Poisson resum- 
mation formula [Q, we find 

V1V2V3 



Z^(l,l) ^ (l-l)(16t) 



Z^{1,R) (1 - 1) (16t) — — ^ (7.7) 

V1V2 

After the change of variables ^ = ^ @|, the /C amplitude schematically reduces to 
(1 — 1) Jo° diJ2kQk- The (1 — 1) shows that, as expected, the NS-NS and R-R are 
equal and cancel in the full amplitude. However, consistency of field equations P? 
requires that each divergence vanishes separately but in general the orientifold plane 
charges Qk are not zero as seen from the above limits for Zic{l, 9^). 

For even we also have to consider Zfc{R, 9^). An interesting example to analyze 
is Z4. In this case ^3 = — | and we must include a sum over windings in Y3 in both 
Z^{1,9^) and Z^{R,9^), = 1,3. We obtain 

Z^{l,9') + Z^{R,9')^{l-l)^^[{2^in—f + x{9\9'^)] ; A; =1,3 (7.8) 

1/3 z 
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Here = 4 is the number of simultaneous fixed points of and Q (or 0^). 

Thus, /C has a non-vanishing tadpole proportional to V4/V3. In fact, whenever 
reflects the third coordinate we find that Zy^i^^Q^^ + Z]q{R,6^) leads to a non-zero 



tadpole proportional to V4/V3. In Zg, this happens for k = ^mod2, and in Zg, 
for k = 2,6. The Z2 x Z4 and Z4 x Z4 orientifolds also have non-vanishing Klein- 
bottle tadpoles proportional to V4/V3 that arise from the elements corresponding to 

To cancel the divergence proportional to V4V1V2V3 in /Ci(l) we must introduce 
9-branes and to cancel the divergence proportional to V4V3/V1V2 in /Ci(i?) we must 
introduce 53-branes. We then have to compute Mobius strip and cylinder amplitudes. 
These amplitudes will also have divergences of the form (1 — 1) diJ^kQkQk and 
(1 — 1) Jo° diY^kQk- The various divergences from all amplitudes can be organized 
according to volume dependence. For each type of dependence we must find a sum of 
squares, each of which has to be zero. 

The cylinder amplitudes are given by 



Cp. = ^E ry(8vrVt)-Z,,(^^) (7.9) 
where 

Z,,(^^) = Tr,,{(l + (-l)^)e'=e-2-*^n (7.10) 

The trace is over open string states with boundary conditions according to the Dp and 
Dg-branes at the endpoints. Zpq{9^) gives rise to Cpq{6^) with obvious definition from 

In Zgg, boundary conditions are NN in all directions. Hence, 

This vanishes by supersymmetry. Indeed, using the first identity in ( |7.31| ) gives 

^[1] 3-2smnkvi'd[^X-] 

Z,,{e') = (1 - 1) ^ n 1 ' (Tr7.,9)' (7.12) 

T t=i , 2 1 

When kvi = integer there is a well defined limit and we must include a sum over 
quantized momenta in Yi. In the limit t —* we find 

^99(1) -(l-l)t^^i^(Tr 70,9)^ (7.13) 
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Also, if kvi 7^ integer, 

Z,,{e'') ^ (1 - l)t n |2sin7rA;t;,| (717^,9)2 (7.14) 

i=l 

However, if for instance kv^ = integer, 

V ^ 

Zggie'') ^ (1 - l)t-^l[\2sm7Tkv,\ (Tl ^k,9)^ (7.15) 

To extract the divergences in all C amplitudes we have to make the change of variables 

In the (55) sector there are DD boundary conditions in directions Yi, Y2 transverse 
to the 5-branes. Oscillator expansions with DD boundary conditions have integer 
modes but include windings instead of momenta. Then, 2^55 has a form similar to 
( |7.11|) . More precisely, after using the first identity in ( |7.31|) , 

3 -2sin7rfct;,79[i ° ] 
Z,,{e'') = (1 - 1) ^ n 1 ' ' E (Tr7fc,5,/)' (7.16) 

where / refers to the fixed points of 6^. This is valid if kvi 7^ integer. Otherwise we 
must include a sum over windings in y^, i = 1, 2, or over quantized momenta in Y^. For 
example, for k = we find the t — > limit 

Z.=(l)-(l-l)4^(T^*^)' (T.17) 

lb V1V2 

In the (59) sector there are DN boundary conditions in coordinates Yi,Y2. Hence, 
their oscillator expansions include half-integer modes. For fermions, world-sheet super- 
symmetry requires that in Neveu-Schwarz (Ramond), moddings be opposite (same) to 
that of the corresponding bosons. Hence, 

2,9{e')= E Vc,,^ ^^^n ir^Tr7METr7.,5,/ (7-18) 

Using the second identity in ( |7.31| ) shows that, as expected, Z59 vanishes and can be 
written as 

Z,,{e ) = (1 - 1) -| — n ;^rir^Tr7,,9)^ Tr7fe,5,/ (7.19) 

Notice that for A; = 0, or for kv2 = integer as in Z'^, the expression multiplying (1 — 1) 
always vanishes. For k = ^ there is a well defined limit and we must include a sum 
over quantized momenta in Y3. 
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The Mobius strip amplitudes are given by 

Va ^ dt 



■^P = ^ E / T ) (7-20) 

oiV , _„ Jo t 



where 

= Trp{(l + (-l)^)fi^'=e-2-*^°} (7.21) 

Zp{9^) gives rise to Aip{6^) with obvious definition from (|7.2CI| ). Here the trace is 
over open string states with boundary conditions according to the Dp-branes at both 
endpoints. The main difference between Zp and Zpp is the insertion of Q that acts on 
the various bosonic and fermionic oscillators thereby introducing extra phases in the 
expansions in q. More precisely, Q acts on oscillators as 

ar^±e'''' ; V'r ^ ±e"" (7.22) 

The upper (lower) sign is for NN (DD) boundary conditions. Furthermore, Q acts as 
e-W2 the NS vacuum. This ensures that fi('?/'^i |0)7vs) = — |0)ivs as needed for 

2 2 

the orientifold projection on gauge vectors. 

To derive the Mobius trace we can use (|7.22 ) and the results for (99) cylinders. 
After using identities we obtain 



~ r 1 



^[t]^[1] 3 -2sin7rA;fi^9[,5l^9[ 1 
Z9(e^) = -(l-l)^^iill n ^^^'^ ' ^Hln9-lE 9) (7.23) 

where again the tilde means variable q = e~^'^*. When kvi = integer we must include a 
sum over quantized momenta in Yi. Notice that vanishes identically when /c = y 

and whenever kvi = half-integer. For 53-branes we instead find 







2 2 cosirkvi 1 ^, ]'&\, I 

For k = there is a vanishing contribution to tadpoles. For kvi = half-integer, i = 1,2, 
we must include a sum over windings in Yi. For kv^ = integer we must include a sum 
over momenta in 1^3. In particular, for A; = y we obtain the following t — limit 

Z,{R) -(1 - l)t^-^Tr7o,5 (7.25) 
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To extract tadpoles in J^p we have to make the change of variables ^ = ^ 0- 

To arrive at the tadpole cancellation conditions written in section |2]^, we must take 
the limit t ^ in the various traces and next change variable to i appropriately to 
find the large i behavior of the amplitudes. The final step is to collect all terms with 
a given volume dependence. 

To finish this appendix we wish to stress that in Z4, Zg, Z'^ and Z[2 there are left- 
over tadpoles even after introducing 9-branes and Ss-branes. Indeed, we have seen that 
in these cases the /C amplitude has divergences proportional to V4/V3. This type of 
volume dependence cannot arise from any of the or C amplitudes because it would 
require a sum over windings in Y3 that is not possible for Ss-branes. 

Compendium of i9 properties 

The "i? function of rational characteristics 6 and if is given by 

^[^] W = E e^Mn+s)^ (7_26) 

Here the variable g is g = e~^'^*. The function also has the product form 



V n=l 



where the Dedekind t] function is 

00 

rj = q^ (7.28) 



n=l 

Notice that 



— 2sin7ro9 1 

lim ^ = — (7.29) 

The and rj functions have the modular transformation properties 

(p 

ri(t) = r^(l/t) (7.30) 



The t^'s satisfy several Riemann identities In particular, 



Ew>»[;M,;„jn/i;;:Ho (7.31, 



provided that ui + U2 + = 0. 
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